This paper investigates the optimal short-term hedging of Exchange Traded Fund (ETF) portfolios with index futures. Using daily data from May 2000 to December 2004 on the four largest passive ETFs (the Spider, the Diamond, the Cubes and the Russell iShare) and their corresponding index futures we examine the performance of minimum variance hedges for efficient variance reduction and for investors with exponential utility. Our findings relate to daily hedging based on OLS regression, exponentially weighted moving averages and ECM-GARCH models and the utility-based performance evaluation criterion is adopted to capture an efficient reduction in skewness and kurtosis as well as the variance. The basis risk on US equity indices is now extremely low and as a result we find no evidence that minimum variance hedge ratios outperform a naïve 1:1 futures hedge, either for individual ETFs or for portfolios of ETFs.
INTRODUCTION
An exchange traded fund (ETF) is an instrument for investment in a basket of securities. A passive ETF is an index tracking portfolio, like an open-ended index fund but it can be transacted at market price any time during the trading day. We have witnessed a remarkable growth in index ETF trading, particularly in the US during the last decade. At the same time trading has been moving away from the exchange floor towards electronic trading platforms. With the resultant increase in market efficiency, reduced spreads have affected profitable arbitrage opportunities between the ETF, index and futures and these are now very rare and short-lived. 1 Other academic research on index ETFs has examined their price characteristics, the reasons for their underperformance relative to the index and index funds, their tax and cost advantages relative to index funds, the effect of ETFs trading on the liquidity of the underlying stocks and their role in the price discovery process. 2 The academic literature on minimum variance hedge ratios has evolved from optimal short-term hedging strategies for commodities, foreign exchange, fixed income and equities, each of them with very different basis risks. 3 There is a large literature on minimum variance hedge ratios for hedging equity indices with their index futures, often applying complex models such as the bivariate generalised autoregressive conditional heteroscedasticity (GARCH) model with maturity effects captured through the disequilibrium term in an error correction model of spot and futures returns. 4 But the basis risk between the ETF and future is now so low that minimum variance hedge ratios may not perform significantly better than a naïve 1:1 futures hedge. 5 The aim of this paper is to examine the hedging decision facing market makers and other short-term traders in ETFs, including specialists acting as principals, who may take large overnight positions on their own account. We investigate the effectiveness of minimum variance hedging with futures, the extent to which a long position on one index ETF is hedged by a short position on another correlated index ETF and we determine the optimal mix of futures for hedging ETF portfolios. The remainder of the paper is structured as follows: Section II describes the ETF market characteristics; Section III analyses the empirical properties of mispricing and basis risk; Section IV provides a comparison of different minimum variance hedge ratios for hedging individual index ETFs with index futures; Section V examines the extent to which the risk of one ETF can be hedged by an opposite position in a correlated ETF; Section VI investigates how best to hedge a portfolio of index ETFs using the most liquid index futures and Section VII summarizes and concludes.
1 See Switzer, Varson, and Zghidi (2000) , Akhert and Tian (2001) , Chu and Hsieh (2002) , and Kurov and Lasser (2002) . 2 See and Chu, Hseih and Tse (1999) , Akhert and Tian (2000) , Elton et al. (2002) , Poterba and Shoven (2002) , Kostovetsky (2003) , McDermott and Hegde (2006) and Gastineau (2004) . 3 See Cecchetti, Cumby and Figlewski (1988) , Baillie and Mayers (1991) , Kroner and Sutan (1991) and Lin, Najand and Yung (1994) . 4 See Hill and Schneeweis (1984) , Figlewski (1984 Figlewski ( , 1985 , Junkus and Lee (1985) , Peters (1986) , Graham and Jennings (1987) , Merrick (1988) , Lindahl (1991 Lindahl ( , 1992 , Bera, Bubnys and Park (1993) , Stoll and Whaley (1993) , Benet & Luft (1995) , Park and Switzer (1995) , Geppert (1995) , Lien, Tse & Tsui (2002) , Brooks, Henry and Persand (2002) , Miffre (2004) and many others. A useful survey of this work is given in Sutcliffe (2005) . 5 See for instance Alexander and Barbosa (2005) .
II THE MARKET AND CHARACTERISTICS OF ETFS
The main characteristics of ETFs are their low cost structure, the in-kind creation and redemption of shares, arbitrage pricing mechanisms, tax advantages and secondary trading of shares. Two main features allow index ETFs to present a low cost structure: the passive management role of the trustee and the absence of shareholder accounting at the fund level. Since brokerage firms and banks manage shareholder accounting the ETF trust does not need to keep records of the beneficial owner of its shares and this represents an important cut in the fund's cost structure. On the other hand, ETF trading may have brokerage and commission fees that an investor does not face when acquiring or redeeming mutual fund shares.
The in-kind redemption and creation of shares is the core characteristic that allows ETFs to be cost efficient, by avoiding excessive turnover of portfolio securities otherwise needed to attend creations and redemptions. Shares of the ETFs can be created and redeemed in block-size 'creation units' on a daily basis, with the deposit of the portfolio securities and a cash component corresponding to dividends and other expenses. 6 The fund delivers to the redeeming shareholder low cost securities in-kind and thus taxable capital gains are also relatively low. But aside from the tax advantages the in-kind redemption and creation of ETF shares allow arbitrage between the stocks and the fund's shares, ensuring that the market price of the fund does not deviate too far from its net asset value (NAV). If the fund's price rises too far above its NAV the market maker, acting as arbitrageur, may buy stocks to create new units of the fund;
and if the fund's price falls too far below the NAV the market maker may redeem units of the fund for the constituent stocks.
The first successful ETF, the Standard and Poor's Depositary Receipt (SPDR -pronounced 'Spider') was released by the American Stock Exchange (AMEX) in 1993. The SPDR Trust is a unit investment trust designed to correspond to the price and yield performance of the S&P 500 Index. The objective of this innovative exchange traded unit trust was to allow intra-day trades on an indexed portfolio basket. The
Spider is now one of the most widely traded ETFs with about 55 billion US$ under management as of ETFs offer investors many benefits of exchange trading such as short selling, limit orders and exemption from the up-tick rule that prevents short selling except after a price increase. Other benefits include relatively low trading costs and management fees, diversification, tax efficiency and liquidity. Consequently since the inception of the Spider in 1993 the average annual growth in assets under management by passive ETFs was an impressive 85%, and the growth rates of both the number of funds and their assets 6 In the case of the Russell 2000 iShare the portfolio of securities are closely approximating the holdings of the Fund. In other ETFs that we study the investor may deposit 115% of the market value of undelivered securities. All four trusts issue and redeem shares in creation units of 50,000. [ Figure 1 ]
The treatment of dividends has a direct influence on the creation and redemption of shares for tax management purposes (Gastineau, 2002) . The holder of the ETF on the ex-dividend date is entitled to receive the dividends, no matter how long the share has been held. But if the share is sold during the exdividend period the registered investor loses the dividends and any tax advantage or disadvantage related to it. Moreover ETFs traded on the secondary market do not include the dividend or cash components.
Hence there is considerable scope for tax arbitrage around the time of dividend payments. Note that very large daily net creations or redemptions of around 5% of the NAV of the fund are quite normal and it is not uncommon for redemption or creation demand to be over 10% of NAV. For the tax reasons mentioned above creations and redemptions are particularly active around the dividend dates, especially for the Spider and Diamond as these pay significant dividends.
[ Figure 2 ] 
III MISPRICING AND BASIS RISK OF ETFS
The previous section shows that several factors may contribute to a price difference between the ETF and the spot index and that market makers perform a central role in reducing the 'mispricing' in ETF markets by ETF-index arbitrage. Another possibility is to arbitrage the fund with the index future. The effect of using an ETF in place of an index for futures arbitrage is to reduce the no-arbitrage range for the future, compared with that based on the index. When the future is sold and the spot index is bought, and even more so when hedge portfolio is long the future and short the index, the trading costs from dealing individual securities are high. These present a barrier to arbitrage, and the no-arbitrage range for the market price of the future about its fair price is relatively wide. However, costs are significantly reduced when the ETF is used in place of a portfolio replicating the index. Moreover like futures, ETFs are not held to the up-tick rule so short arbitrage is also easier with an ETF. Consequently the no-arbitrage range for the market price around the fair price of the future is smaller in the presence of an ETF as an arbitrage vehicle and in particular the incidence of negative mispricing, where the market price of the future is much less than the fair price, is reduced.
To demonstrate this, write the market price of the T-maturity index future at time t < T as
where
is the theoretical or 'fair' value of the future based on the ETF price t S and the risk-free T-maturity interest rate r and dividend yield q on the fund are both assumed to be non-stochastic. Many authors refer to t x as the 'mispricing' of the market price of the future compared with its fair value but it is really the spot rather than the future that is mispriced because it is the future that serves the dominant price discovery role. The average mispricing of the fund relative to the future depends on the handling of dividends and the transactions costs, as we shall see below.
The variance and higher moments of the mispricing series represents the basis risk that might be hedged using a hedge ratio different from the 'naïve' 1:1 futures hedge. To see this, consider a cash position at time t = 0 with value 0 S that is hedged by selling β units of a T-maturity future with market price 0 F and suppose the position is closed at time τ, with 0 < τ < T. The change in value of the hedged portfolio is
so that, at any time t, with 0 < t < τ, the value of the hedge position is:
β β β 1
is the fair value of the basis as a proportion of the cash price.
In the expression (3) we have chosen to single out the fair value of the basis * t b as a separate term. This is because the discount rate and the dividend yield have much less uncertainty than other determinants of the value of the hedged portfolio. The formulation (3) allows one to extract the effect of the variability in the fair basis (4), which is largely deterministic, from the real uncertainty that needs to be hedged. If discount rates and dividend yields are deterministic the basis risk is only due variations in the mispricing This is not true for the Diamond as it pays monthly dividends. For this reason, besides the cash component adjustment made to all four funds, we also adjusted the Diamond theoretical futures price for dividends paid before the expiration of the futures contract. Table 2 shows that our hedging results will cover two quite distinct two-year periods in the US equity Table 3 reports the sample statistics each funds' mispricing relative to the future over the two subsamples. As explained above, the volatility and higher moments of the mispricing series captures the extent of the basis risk. Already small in the first period, the volatility was even lower in the 2003-4 period. 9 The standard error is approximately √(6/T) for the skewness and √(24/T) for the excess kurtosis where T is the sample size. In our case, with T approximately equal to 500 in each sub-sample, the approximate standard error for the skewness coefficient is 0.11 and for the excess kurtosis it is approximately 0.22. Note that the excess kurtosis is significantly different from zero (except for the IWM) but that it was at a relatively low level compared with the 1990s. At less than 2% p.a. for the three more established funds and only 3.2% for the Russell iShare we may expect that minimum variance hedge ratios will be very close to the naïve 1:1 futures hedge. But note that the large (but usually positive) skewness and very significant excess kurtosis of the mispricing series indicates that any hedge could fail spectacularly on some days. We shall consider both these questions in more detail in the next section. Figure 3 plots the mispricing series of the future relative to the ETF. At the beginning of the period mispricing was relatively large and volatile on all funds, especially on the Cubes due to the excessive volatility in Nasdaq-100 shares and the Russell iShare, which had only just been launched. Overall the largest positive mispricing has been on the Cubes and the largest negative mispricing has been on the Spider. Since January 2002 these mispricing series have remained very stable, being around +50bps for the cube and around −60bps for the Spider. Why does this small but persistent mispricing arise in these funds?
[ Figure 3 here] Table 4 shows that the two funds with negative mispricing (the Spider and Diamond) have the highest dividend yield. That is, even after our cash account adjustment these funds are being priced at a premium.
But the same two funds also have the lowest turnover and the lowest expense ratios. Clearly the sign of the mispricing can be related to trading costs: the Cubes and iShare, which are normally priced at a discount to their index, have higher trading costs; the Spider and Diamond, which are normally priced at a premium to their index, have lower costs. This stabilizes prices but then, as principal dealers, the specialists bear the market risk.
Despite the increased competition from electronic trading, specialists remain key players in the market for
ETFs for a number of reasons. Specialists facilitate competitive pricing for trading new or illiquid ETF products such as active ETFs (which seek to out-perform an index by deviating from the passive portfolio) or ETF futures and options. Finally there is some evidence that the performance of electronic trading systems deteriorates during periods of intense activity, in that bid-offer spreads are more sensitive to price volatility in electronically traded markets (see Aitken et al. 2004) . We construct several portfolios comprised of a spot position in the ETF and a short position in the index futures. We report results for hedging the spot ETF with the index futures using the 1:1 hedge ratio and time-varying minimum variance hedge ratios obtained using three different econometric models: ordinary least squares (OLS) with a rolling in-sample estimation periods of six months, 11 exponentially weighted moving average (EWMA) with a smoothing constant of 0.95, and error correction regression with multivariate generalised autoregressive conditionally heteroscedastic errors (ECM-GARCH). 12 The appendix gives details of the method used to calculate each hedge ratio.
10 This has motivated the development of new futures contracts on ETFs launched on the Chicago Mercantile Exchange on June 6, 2005. These contracts are based on three of the four funds examined in this paper: the Spider, the Cubes and the Russell 2000 iShare. Futures on Diamond are traded at OneChicago, an electronic exchange based on a joint venture between: the Chicago Board Options Exchange (CBOE), Chicago Mercantile Exchange Inc. (CME) and the Chicago Board of Trade (CBOT). 11 We also used one-year estimation period for the OLS hedge ratio and the results were very similar to the 6-months OLS hedge ratios, the latter performing slightly better on specific occasions. The difference however is not statistically significant. We report only the 6-month results so as to cover the longest period in our results. Results for the 1-year OLS hedged portfolio are available from the authors on request. 12 A variety of bivariate GARCH(1,1) parameterisations of the dynamics of Ht were explored including several BEKK specifications (Engle and Kroner, 1995) . The BEKK specification ensures positive definiteness while imposing cross equation restrictions (e.g. the scalar BEKK imposes that persistence in volatility and correlation are the same). We also used the t-BEKK, which replaces the conditional normality assumption with that of conditionally t-distributed error terms, and the dynamic conditional correlation (DCC) model of Engle (2002) . The results for these methods were very similar, with no implications for the final conclusions so we only report the diagonal BEKK results in this paper. However, the results for the other GARCH models are available from the authors by request.
Each day we estimated the hedge ratio based on a rolling in-sample period, which determines the futures position to be taken at the end of the day until the following day. The sample is then rolled one day, the hedge ratios re-estimated, and the hedge re-balanced and held until the end of the next day. We thus form an 'out-of-sample' hedge portfolio returns series. Since the minimum variance criterion is applied insample and the hedging performance is tested out-of-sample there is no guarantee that minimum variance hedging will produce more effective hedges than the unconditional 1:1 futures hedge.
Hedging performance will be measured in two ways. First we use the proportional variance reduction measure proposed by Ederington (1979) : denoting by V and V U H the variance of the un-hedged portfolio returns and the variance of the hedge portfolio out-of-sample returns respectively, this measure of hedge performance, which is termed the 'effectiveness', E in our results, is given by:
The Ederington effectiveness E is widely used even though it is known to favour the OLS hedge (see Lein, 2005) . Also it takes no account of the effect of variance reduction on skewness and kurtosis.
Minimum variance hedged portfolios are designed to have very low returns volatility and this could increase an investor's confidence to the extent that large leveraged positions are adopted. However the higher moments of hedged portfolio returns can indicate cause for concern: a high kurtosis indicates that the hedge can be spectacularly wrong on just a few days and a negative skewness indicates that it would be losing rather than making money. 
where x is wealth and λ is the coefficient of risk tolerance, which defines the curvature of the utility function and which is measured in the same units as wealth. The CE is that level of wealth such that
 is the expected utility associated with a profit and loss distribution.
Applying the expectation operator to a Taylor expansion of ( ) U x about ( ) U µ , where ( ) U µ is the utility associated with the mean P&L (or mean return) provides a simple approximation for the CE associated with any utility function:
With ( ) U x defined in (6) and setting x = CE the above gives an approximation:
Thus the certainty equivalent associated with the exponential utility function is approximated as:
where µ and σ are the mean and the standard deviation of x ,
The formulation (7) shows that when the risk tolerance parameter λ > 0 there is an aversion to risk associated with increasing variance, negative skewness and increasing kurtosis. In order to capture higher moment effects we have chosen to calculate CE based on the sample moments of the relevant out-ofsample daily returns using and λ = 10% and the out-of-sample daily P&L using λ = 500. 13 According to the Ederington effectiveness criterion our results in Tables 5 and 6 the minimum variance hedge ratios never achieve more effective variance reduction than the 1:1 futures hedge: this is seen for all ETFs and in both sub-samples. 14 There is weak evidence that minimum variance hedging produces portfolios with less negative skewness and lower kurtosis because the CE is not always maximized using the 1:1 hedge. However in the few instances when the preferred portfolio is a minimum variance hedged portfolio, which of the OLS, EWMA or ECM-BEKK hedges is best depends on the time period and the ETF considered. Overall, the utility-based results for hedging performance corroborate those of the Ederington effective criterion and there is no clear evidence that minimum variance hedge ratios can improve on the 'naïve' 1:1 futures hedge strategy.
14 In these and the following Tables bold type is used to highlight the best performance where applicable.
V CROSS-HEDGING ETFS
When matching creation and redemption baskets the market maker is likely to have a large net creation or redemption demand on each fund at the end of a day. It is not uncommon for daily net creationredemption demands to be over 5% of the NAV of the fund and around time of dividend payments these demands can be even greater (see Figure 2) . The demand may be too great to close the position by buying or selling the index component stocks, especially for smaller cap funds such as the Russell 2000 iShare.
Hence market makers may take large long or short positions in the funds onto their own account, overnight or over a few days until the open position is offset by an opposite demand or supply of the ETFs from investors. In that case they may consider taking out a short-term futures hedge, as discussed in the previous section. However these market makers as well as other traders may think about more imaginative and efficient hedging than simply covering each position with its own future, especially as the net demand is quite heterogeneous (see Table 1 ) and long-short positions may often be taken on correlated funds. For the four ETFs being studied Table 7 shows the daily returns correlations above the diagonal and the mispricing correlation below the diagonal, again divided into our two sub-samples. Daily returns were very highly correlated in both sub-samples, with the highest correlation between the Diamond and the Spider where r is the sample correlation and n is the number of observations (484 in our case). For instance a correlation of 0.2 has a t-ratio of 4.48, which is very highly significant.
offset by a short position on a correlated fund? Our results in this section will show that during the last two years of the sample the Diamond could be hedged almost as effectively with the Spider as with the DJIA future. Similarly, the Diamond is almost as good a hedge for the Spider as the S&P500 future. [ Figure 4 ]
When hedging with equity index futures it normally makes little difference whether we estimate regression based minimum variance hedge ratios using the spot or the future return as the dependent variable. One hedge ratio is simply the other hedge ratio multiplied by the relative variance and since spot and futures have a relative volatility near to unity the two estimated hedge ratios are very similar. But with the volatility differences between funds noted above ( denote the returns covariance and the variance of the returns on Fund 2 respectively. As in the previous section we use OLS, EWMA and GARCH hedge ratios following the methods described in the appendix and generating out-of-sample returns series as before. 16 . The results are given in Table 8 . From Tables 8(A) Table 8 (B) could be any of the minimum variance hedges, depending on the ETF pair and the sample period.
Tables 8(C) and 8(D) report the skewness and excess kurtosis of the cross-hedge portfolio returns and it is here that the potential gains from cross-hedging ETFs appear most promising. Futures hedging produced portfolios with highly significant negative skewness and excess kurtosis in most cases (Tables 5 and 6 ).
However the cross-hedged portfolios have returns that are much closer to normality: during the 2003-4 period in particular the hedged portfolio returns exhibit low levels of skewness and excess kurtosis. The skewness and excess kurtosis are still significant in most cases, but they are much less than for returns based on futures hedging even when the cross-hedge is effectively reducing the variance.
Tables 8(E) and 8(F) report the certainty equivalents of the ETF cross-hedged portfolios in each subsample, again based on both returns and P&L and using the same values of risk tolerance as previously, which are low enough to capture the higher moment effects. Note the high values for the CE of the Diamond-Spider hedge, based on returns in 2001-2 and on P&L in 2003-4 indicate that it can be more attractive to cross-hedge these ETFs than it is to hedge each of them individually using their own futures.
The CE criterion also favours a minimum variance hedge ratio more often than not, so the results support the conclusions drawn from examining variance reduction. We conclude that whilst there are substantial gains to be made from using minimum variance hedge ratios for cross-hedging ETFs it is not possible to distinguish which minimum variance hedge ratio is preferred.
VI HEDGING PORTFOLIOS OF ETFS WITH INDEX FUTURES
The natural cross hedging of some ETFs implies that a futures hedged portfolio containing just a few index futures could be almost as efficient (and certainly cheaper) than hedging each ETF in the portfolio with its associated index future. In this section we investigate whether this is indeed the case by constructing various ETF portfolios and comparing the hedge with all four futures with a hedge using only one index future, i.e. the S&P 500 future, this being the most liquid of the four.
We considered the six portfolios shown in Table 9 . For Portfolio 1, comprising an equal number of unit blocks in all four ETFs, an OLS minimum variance optimization algorithm yields the futures hedge ratios shown in figure 5 . The algorithm uses an equally weighted covariance matrix based on the previous one year of daily returns to optimise the futures positions for minimum variance in the hedged portfolio, rolling the sample daily. Note that the futures positions frequently diverge from the equal and opposite positions that would be adopted if these ETFs were separately hedged. This finding, which is related to our previous results on cross-hedging ETFs provokes the question of whether hedging an ETF portfolio using all the associated index futures is the most efficient hedging strategy.
[ Figure 5 ]
We first examine the out-of-sample hedging performance of minimum variance futures hedges and compare this with the 1:1 hedge, both hedges being based on all the relevant index futures. The results are shown in Table 10 . Variance reduction effectiveness is extremely high for all portfolios and the Ederington measure always favours the 1:1 futures hedges over OLS. But the hedged portfolio returns have very high excess kurtosis and it is generally higher for the 1:1 hedge portfolio returns than for the OLS hedged portfolio returns. Nevertheless it is only during 2001-2 that the CE criteria favours the OLS hedge over the 1:1 hedge for most portfolios. In the second period the hedge portfolios all have such low volatility that the high kurtosis in returns has little effect on the CE (recall that in (7) it is the unnormalized skewness and kurtosis that enter the CE approximation). Finally we consider hedging each portfolio with only the S&P500 future. The OLS hedge portfolio characteristics are shown in Table 11 . The efficiency for variance reduction is lower than when hedging with all four futures, especially for the long-short portfolios (portfolios 2, 3 and 4). Indeed the single futures hedge is clearly better for long only portfolios (portfolios 1, 5 and 6). During the first period the hedge does not effectively neutralize the mean returns and these dominate the CE criteria. During the second period the means returns are much lower (except for portfolio 6) and the kurtosis is exceptionally low. The most encouraging results are for the long only portfolios 1 and 5 during 2003-4: the single S&P 500 future hedge is highly efficient for variance reduction, both skewness and kurtosis are much lower than when the portfolio is hedged using all four futures, and the certainty equivalent of P&L is almost as high as when these portfolios are hedged with all four futures. 
VII CONCLUSIONS
The basis risk of equity indices is now very small indeed and a natural question to address is whether minimum variance hedging of equity indices remains an interesting research topic. A considerable number of recent papers investigate the effectiveness of hedging equity indices using minimum variance hedge ratios, yet many of these studies are based on daily data where non-synchronous closing prices could bias results. This is not a concern here as we use ETFs, which close at the same time as the future.
The first empirical results in this paper compared the out-of-sample performance of OLS regression, exponentially weighted moving averages and ECM-GARCH hedging models with the naïve futures hedge in which one equivalent unit of the ETF is hedged with one short position in its index future. The variance reduction of 1:1 hedging was found to be at least as great as, and often greater than that achieved by minimum variance hedging. Whilst hedging an ETF is more efficient than hedging the spot index, because of lower trading costs and less dividend uncertainty, it is likely that a similar conclusion could be drawn from daily hedging of the spot index. That is, basis risk is now so low that it is unlikely that minimum variance hedge ratios would have variance efficiency greater than that of the 1:1 futures hedge. The encouraging results on cross-hedging led us to an empirical investigation of hedging portfolios constructed from the four ETFs, using first all four index futures and then only the S&P 500 future (this being the most liquid of the four). Although the portfolios hedged with all relevant futures are highly efficient for variance reduction the OLS hedged portfolio based only on the S&P 500 futures contract has a much lower kurtosis. As a result the utility achieved by the single futures hedge can almost as great as the utility based on hedging with all futures. This, combined with the obvious reduction in transaction costs, could make single futures hedging of ETF portfolios an attractive proposition for ETF market makers and short-term investors.
APPENDIX: TIME-VARYING MINIMUM VARIANCE HEDGE RATIOS
Consider a cash position in the ETF at time t that is hedged by selling ( ) β τ t units of a T-maturity future with market price Ft assuming the position will be closed at time t + τ, with 0 < τ < T. We have adjusted the ETF prices t S for the cash account and dividends and hence base the optimal hedge ratio on the τ-period index return and the futures 'return', defined as: denote the variance of the τ−period index return and the correlation between the τ−period returns on the index and the future at time t.
The simplest of all the hedge ratios considered in this study -apart from the so-called 'naïve' 1:1 ratio -is the minimum variance hedge ratio (A.1) estimated using OLS. We also consider time-varying estimates of (A.1) based on an exponentially weighted moving average (EWMA) of the numerator and denominator.
By employing these models one faces the ambiguity of estimating a parameter value that is not necessarily 1, although we know that the parameter must be 1 at some point in time (i.e. when the future expires). For this reason we also consider a time-varying parameter model that can also account for the fact the spot and futures are cointegrated and hence adjust the parameter towards 1 as the future approaches expiry.
To model the effect of spot-futures cointegration we include the carry cost in a bivariate error correction model (ECM) for deriving the optimal futures hedge ratio. 17 To see why, take logarithms of (2) giving: However the carry cost need not be the most stationary linear combination of the log of the market price 17 See Ghosh (1993) .
of the future and the log of the spot price. Nevertheless since the mispricing of the future relative to its fair value is so small it is reasonable to assume the error correction term in the error correction model is equal to the carry cost. We shall adopt this formulation because it is more intuitive and hence specify the following error correction model: 
